We calculate excitation energies for low states of nobelium, including states with open 5f subshell. An efficient version of the many-electron configuration-interaction method for treating the atom as a sixteen external electrons system has been developed and used. The method is tested on calculations for ytterbium which has external electron structure similar to nobelium. The results for nobelium are important for prediction of its spectrum and for interpretation of recent measurements. Ytterbium is mostly used to study the features of the method.
I. INTRODUCTION
Configuration interaction (CI) method [1, 2] is one of few tools used to calculate electron structure of openshell many-electron atoms. However, due to huge increase of the computational cost with the number of external electrons, practical application is usually limited to systems with only few (no more than four) external electrons above closed shells. There are no other ab initio methods to deal with more complicated polyvalent systems. On the other hand, the use of different semiempirical approaches is questionable when experimental data is poor or absent. Superheavy elements (Z > 100) [3, 4] and highly charged ions [5] are just two good examples of such systems. Lack of good theoretical approaches is a big obstacle in the use of complicated atomic systems in fundamental research. An important step to address the problem was done in recent work [6] . It was demonstrated that neglecting off-diagonal matrix elements in the CI matrix between highly excited states can be used to reduce the CI problem to a matrix eigenvalue problem with relatively small matrix with modified (compared to standard CI approach) matrix elements. Since the corrections to matrix elements were similar to the second-order perturbation theory corrections to the energy, the method was called CI with perturbation theory (CIPT). Similar approaches were later used in a number of works [7] [8] [9] , while a somewhat different variant of CI+PT method was developed in [10, 11] . This made it possible to perform calculations for such complicated atomic systems as Yb (including states with excitations from 4f subshell) [6, 12] , W [6] , Ta, Db [13] , Og [14] , etc.
In this work we further develop the method to make it substantially more efficient. We demonstrate that neglecting the difference between energies of the states of the same excited configuration allows one to separate summation over projections of the total angular momentum of single-electron states from summation over other quantum numbers. Since summation over projections is the same for all similar configurations it can be performed only once and then reused for other similar configurations. This reduces computational time for Yb more than twenty times while the effect on the accuracy of the calculations is negligible. We use Yb atom as an example and then apply the method to nobelium. This allows us to predict No spectrum including states with excitations from the 5f subshell. It is also important, that we provide the proof of validity of previous calculations used for interpretation of the experimental measurements. The energy, hyperfine structure and isotope shift for the 1 P o 1 state of several No isotopes were measured [15] and used together with atomic calculations to extract nuclear parameters of these isotopes [16] . Nobelium atom was treated in the calculations as a system with two valence electrons above closed shells. It is known that similar treatment of the 1 P o 1 state of Yb gives very poor results due to the mixing with a close state containing excitation from the 4f subshell. This mixing cannot be properly accounted for in the two-valence-electronsabove-closed-shells calculations. We demonstrate that the situation in No is different and corresponding mixing is small. Therefore, interpretation of the measurements based on the two-valence-electron calculations is correct. New energy levels for low states of No including those with open 5f subshell have been calculated.
II. FAST CONFIGURATION INTERACTION METHOD
Fast configuration interaction method (FCI) is a modification of the CIPT (configuration interaction with perturbation theory) method introduced in Ref. [6] . We start from its brief description using ytterbium atom as an example. We consider Yb as a system with sixteen electrons above closed shells. The CI Hamiltonian has the form
where h i is the single-electron part of the Hamiltonian,
V HF (r) is the self-consistent Hartree-Fock (HF) potential (including nuclear part) obtained in the V N −1 approximation, with one 6s electron removed from the HF calculations. The many-electron wave function for sixteen external electrons has the form of expansion over single-determinant basis states:
The basis states Φ i (r 1 , . . . , r Ne ) are obtained by distributing sixteen electrons over a fixed set of singleelectron orbitals. The coefficients of expansion c i and corresponding energies E are found by solving the CI matrix eigenvalue problem
where I is the unit matrix, the vector X = {c 1 , . . . , c Ns }, and N s is the number of many-electron basis states. It is assumed that a few first terms in the expansion (3) represent a good approximation for the state of interest and the rest of the sum is just a small correction. Then one can neglect the off-diagonal matrix elements between the states from the second part of the expansion and reduce the CI problem to one with the small matrix and the modified matrix elements (see Ref. [6] for details)
Here |i ≡ Φ i (r 1 , . . . , r 16 ), E k = k|H CI |k , and E is the energy of the state of interest (the same as E in (4)). Since this energy is not known in advance one needs to perform iterations over it.
Starting from this point we consider further modifications to Eq. (5) which lead to the FCI method. Summation in (5) goes over all states of excited configurations. If we neglect energy difference between states of the same configuration the summation in (5) can be divided in two parts
First summation is over excited configurations and E c is average energy of each configuration. These energies can be expressed analytically in terms of the radial integrals of the Hamiltonian (1) have all other quantum numbers fixed. Therefore, second summation can be rewritten as:
Here h α and q β are one-and two-electron radial integrals of the CI Hamiltonian (1), α and β are the short notations for corresponding sets of electronic quantum numbers. For example, α = n 1 l 1 j 1 ; n 2 l 2 j 2 . Three terms in (7) correspond to four diagrams on Fig. 1 do not depend on principal quantum numbers of one-electron states. They can be calculated only once for a whole set of configurations, which differ by the principle quantum numbers. For example, these coefficients are the same for all configurations of the type 4f 14 nsn ′ s (6 < n < n ′ ≤ n max ). Since the number of similar configurations can get over a hundred, the effect of reuse of the coefficients is substantial.
The results of calculation for energy levels of Yb are shown in Table I . All results are obtained by the same computer code which has options to run in either CIPT or FCI mode. Therefore, the difference between CIPT and FCI results (∆ th ) is only due to the neglecting the energy difference between states within the same excited configuration. Some difference between the present and previously published CIPT results [6, 12] is due to the differences in the size of the set of configurations. Present code uses different algorithm to generate excited configurations from the reference configurations. The data in Table I shows that switching from the CIPT to FCI approaches brings substantial gain in efficiency (more than twenty times for Yb) while having only negligible effect on the energies. Note also that the use of the FCI instead of CIPT method does not affect the calculation of [20] .
the matrix elements. The form of the calculated wave function is the same in both methods. Calculation of the matrix elements was considered in [12, 13] .
III. NOBELIUM
Nobelium is the heaviest element (Z=102) for which experimental spectroscopic data are available. The frequency of the strong electric dipole transition from the ground state to a state of opposite parity and the first ionization potential have been recently measured [15, 21] . The measurements [15] include hyperfine structure and isotope shifts for three nobelium isotopes 252 No, 253 No, and 254 No. The data were used to extract nuclear parameters, such as nuclear radii, magnetic dipole and electric quadrupole moments. This procedure relies on the atomic calculations. In particular, an advanced combination of the CI with coupled-cluster method was used [15, 16] . Nobelium atom has the electron structure similar to that of ytterbium. Its ground-state is [Ra]5f 14 7s 2 1 S 0 . The state for which the frequencies of the transitions were measured was [Ra]5f 14 7s7p 1 P 1 . The calculations treated nobelium as a system with two valence electrons above closed shells. However, it is not known in advance whether such calculations produce good results for No. Similar calculations for the 4f 14 6s6p 1 P 1 state of Yb give very poor results for hyperfine structure [12] and electric dipole transition amplitude from the ground state [22] due to the strong mixing with the close state of the same parity and J but with an excitation from the 4f subshell, 4f 13 5d6s 2 (7/2,5/2) o 1
(last line of Table I ). This mixing cannot be included in the two-valence-electron calculations. However, treating Yb as a sixteen electron system with the CIPT method leads to dramatic improvement of the results [12] . The results of the FCI calculations presented in Table II Note the good agreement of the FCI energies with the only known experimental value and with sophisticated calculations by the CI+all-order method for the two-valence-electron states above closed-shell core of No. There are two major sources of uncertainty in the FCI calculations. One is neglecting core-valence correlations with core states below 5f . Another is the perturbative treatment of the excited configurations. Both these effects are treated more accurately in the CI+all-order calculations. Therefore, if the mixing with states containing excitations from the 5f subshell can be neglected, the CI+all-order calculations are preferable and probably more accurate. From these calculations we know that when No atom is treated as a two-valence-electron system, about 95% of the core-valence correlations come from the 5f electrons (this is also true for the 4f electrons of Yb). These correlations are included in the FCI calculations. This explains good accuracy of the results.
